We consider a practical market model in which all commodities are inherently indivisible and thus are traded in integer quantities, or consumption choices are available only in discrete quantities. We ask whether a finite set of price-quantity observations satisfying the Generalized Axiom of Revealed Preference (GARP) is consistent with utility maximization. Due to the absence of perfect divisibility and continuity, the existing argument and also familiar assumptions such as non-satiation cannot be used in the current discrete model. We develop a new approach to deal with this problem and establish a discrete analogue of Afrita's celebrated theorem. We also introduce a new concept called tight budget demand set which is a natural refinement of the standard notion of demand set and plays a crucial role in the current analysis. Exploring network structure and a new and easy-to-use variant of GARP, we propose an elementary, simple, combinatorial and constructive proof for our result.
Introduction
The theory of demand typically assumes that all commodities in the market are perfectly divisible, and a consumer, when faced with prices and a budget, will choose an affordable bundle to achieve a maximal utility. In a pioneering article, Afriat [1] started with a finite set of observed market prices and the consumer's demand quantities and asked whether such observations are actually consistent with the maximization of a locally nonsatiated utility function. By induction he established a remarkable result stating that the observations are consistent with utility maximization if and only if they satisfy the Generalized Axiom of Revealed Preference-a simple testable condition. This work has stimulated considerable interest and substantial follow-up research; see e.g. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
While the literature focuses on the case of divisible goods or the case in which the revealed preference conditions including Afriat [1] and Varian [9] are defined over a continuous commodity space, the current paper attempts to extend the theory to an equally important, natural and more practical case in which all commodities are available and are traded in discrete quantities, for instance, when all goods are inherently indivisible. In reality, indivisible commodities are pervasive and constitute significant parts of many important markets. In general, they are durable and expensive, to name but a few, such as houses, cars, computers, machines, arts, employees, and airplanes. In practice, virtually all divisible goods are also traded in discrete quantities, such as oil sold in barrels and milk in boxes. Obviously, modeling economies with indivisibility is more meaningful and more realistic. The importance of studying such economies has long been recognized in the literature [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Non-satiation is a standard assumption and has played three basic roles in the existing analysis. First, it is used to show that observations derived from the maximization of a continuous utility function satisfy the Generalized Axiom of Revealed Preference (GARP); second, it is used to avoid a pathological phenomenon that any finite observations can be rationalized by a trivial constant utility function (see Varian [9] ); and third, it implies budget balancedness. In the current discrete environment, however, due to absence of perfect divisibility and continuity, the existing argument and also familiar conditions such as non-satiation can no longer be applied. To be specific, utility maximization under budget constraint cannot ensure budget balancedness and often yields strict unbinding budget, and non-satiation becomes meaningless. To handle the current discrete model, we develop a new approach which circumvents the problems and enables us to establish a discrete analogue of Afriat's celebrated theorem.
The contribution of this paper is three-fold. First, we extend the theory of revealed preference to discrete models which have not been examined previously, and establish a discrete analogue (Theorem 1) of Afriat's theorem that any finite discrete price and quantity observations satisfy GARP if and only if there exists a discrete concave utility function that rationalizes the observations in the sense of tight budget utility maximization. Second, we offer a conceptual innovation of tight budget demand set which is a natural and meaningful refinement of the standard notion of demand set. The tight budget demand set is a family of bundles that are affordable, utility maximizers and have the least cost. This concept plays a crucial role in the current analysis and makes the non-satiation assumption obsolete (see Lemma 1) . It can also easily avoid the well-known pathological phenomenon caused by the standard utility maximization that any finite number of observations can be rationalized by a trivial constant utility function. Third, we propose a new and easy-to-use variant (Definition 3) of GARP-a benchmark condition widely used in the revealed preference analysis due to Varian [9] as an alternative to Afriat's [1] Cyclical Consistency. Using network structure and the new variant of GARP, we present an elementary, simple, combinatorial and constructive proof for the result. The basic idea of the necessity proof for our main Theorem 1 is similar to Teo and Vohra [8] and was also implicitly used in earlier literature. Here we make the argument very transparent and accessible without assuming the reader's familiarity with any fundamental result from graph theory, linear programming, or any other mathematical subject. Finally, it is worth pointing out that our method is not restricted to indivisible goods, and can be equally applied to divisible goods from which the long-standing non-satiation assumption can be dropped.
Main Results
We begin by reviewing the purchase decision problem of a consumer. There are different types of commodities in the market. The consumer has a budget for consumption and a utility function  . The following notation is used throughout the paper.
notes the nonnegative orthant of the n-dimensional Euclidean space . and stand for the set of all integral vectors in and , respectively. Suppose that  is the vector of prevailing market prices, each component i indicating the price of commodity . Then the consumer's decision problem is to choose a bundle  which gives him the highest utility and is also affordable to him. Such a bundle is called an optimal bundle. Alternatively, we can describe all his optimal bundles by using the demand set
In the literature it is typically assumed that all commodities are perfectly divisible and also the consumer's utility function is locally non-satiated in the sense that for every   , and in every neighborhood of  x , there is another bundle having a higher utility. Suppose that a market analyst wishes to examine the consumer's demand behavior. It is natural to assume that the analyst does not know the consumer's utility function and his budget flow but does know that the consumer does not change his preferences over a period of time. Suppose that e analyst has now collected a finite observed data set 
To verify the consistency, several criteria have been proposed. Among them, the Strong Axiom of Revealed Preference (SARP) and the Generalized Axiom of Revealed Preference (GARP) are most well-known and widely used.
A consumer's choice behavior is said to satisfy the Strong Axiom of Revealed Preference (SARP) if, for every sequence of pairs of price vector and demand bun-
we have    SARP was proposed by Houthakker [21] . Samuelson [22] introduced a more restrictive axiom than SARP, now known as the Weak Axiom of Revealed Preference (WARP). We also say that the consumer's behavior satisfies the Generalized Axiom of Revealed Preference (GARP) if, for every sequence of pairs of price vector and demand bundle
GARP is clearly more general than SARP and was introduced in Varian [9] . GARP is equivalent to Afriat's Cyclical Consistency.
is a price vector and
is the corresponding demand bundle, we say that a utility function u rationalizes the observed behavior if the data can be generated as the outcome of the utility-maximization, i.e. 
is consistent with the maximization of a locally non-satiated utility function if and only if the observations satisfy GARP. To prove that the observations derived from utility maximization satisfy GARP, the standard approach is to make use of the non-satiation assumption on the utility function; see e.g. Diewert [6] , Fostel, Scarf and Todd [7] and Varian [9] . As stated earlier, our purpose is to consider the environment where all commodities are inherently indivisible, such as houses and cars, or consumption choices are available only in discrete quantities. Needless to say, it is more realistic to assume that all goods are traded in integer (or rational) quantities. Thus in the current situation, the consumer's consumption set will be instead of  , and his utility function will be u  . To make the model even more practical, the price space is also assumed to be instead of . For instance, no unit of a price is less than a penny or cent. Under the current framework, non-satiation is meaningless. This implies that the existing approach of using non-satiation to show that the observations derived from utility maximization satisfy GARP can no longer be applied. To deal with the current model, we first need to modify the standard notion of the consumer's demand set. Given and budget the demand set of the consumer is given by
We refine the demand set as follows:
That is, u contains those bundles which not only give the consumer the highest utility under his budget but also have the least cost. This tight budget behavior can be easily justified if we consider the following utility function that is strictly increasing in for each given x , where  stands for money and for the bundle of indivisible goods. Any bundle in will be called an optimal bundle with tight budget and the tight budget demand set. In this case, we say that the consumer is a tight budget utility maximizer. This refinement is very meaningful and natural, more importantly crucial to our analysis on the current discrete model. Of course, this concept can be applied to the continuous case as well from which the non-satiation assumption can be dropped.
The next little example demonstrates that observations derived just from utility maximization without tight budget could violate GARP. Suppose that the consumer faces two indivisible goods and has the utility function of for every   was not purchased at x p , it cannot be strictly pre-
The entire se-
implies     It is also worth pointing out another advantage of tight budget utility maximization: it can avoid a well-known pathological phenomenon caused by the standard notion of utility maximization that any finite number of observations can be rationalized by a trivial constant utility j function; see Varian [9, 10] .
 , the second from the fact that We are now ready to present the major result of this paper. The result can be seen as a discrete analogue of the Afriat's theorem and gives a simple testable necessary and sufficient condition that a finite observed data set must satisfy in order to be consistent with tight budget utility maximization.
Theorem 1 The observations ,
satisfy GARP if and only if there exists a discrete concave and integer-valued utility function that rationalizes the observations in the sense of tight budget utility maximization.
"If part" is proved in Lemma 1 above. The proof of `only if' proceeds in several steps. First we construct the data matrix of order from the observations
Observe that We use the data matrix to construct a 
are arcs in the graph. In this case we also say that there is a path from vertex to vertex k i . 1 is called the starting vertex and k the terminal vertex of the path. A path is a shortest path from vertex i to vertex j in a graph if the sum of the lengths of all arcs on the path is smallest among all possible paths from i to j in the graph. A path with at least one arc is called a cycle if the starting vertex of the path coincides with its terminal vertex and the other vertices are distinct. A cycle is called a negative (zero, or positive) length cycle if the sum of the lengths of all arcs in the cycle is strictly less than zero (equal to zero, or strictly greater than zero). We may use C to denote a cycle. For ease of notation, C means simply the collection of all arcs in the cycle C. A (sub)graph H is said to be strongly connected if for arbitrary two vertices u, v in the graph H there exists a path in H from u to v. A maximal strongly connected subgraph of a graph G is called a strongly connected component of the graph G.
With respect to the graph , we can rephrase the Generalized Axiom of Revealed Preference (GARP) in three different ways. The first was used in Afriat [1] as Cyclical Consistency, the second was given in Teo and Vohra [8] , and the third is new but similar to the second, and convenient to use in the following proof. 
and for any given integer immediately gives a solution to the system (1) of Afriat inequalities. So in the sequel we will assume
The Algorithm
Initialization. Use the data matrix to construct the graph
Step 1. Remove all arcs   
, resulting in a directed graph .
Step 2. Decompose the graph into strongly connected components 1 Step 3. Choose a sufficiently large integer e.g. Observe that the left-hand side is the length of a shortest path from vertex 1 to vertex and the right-hand side is the length of a path from vertex 1 to vertex composed of a shortest path from vertex 1 to vertex and the arc from vertex to vertex . The definition of a shortest path validates clearly the above inequality for all Q.E.D.
